We present and discuss a formal approach for describing the quantum to classical crossover based on the group-theoretic construction of generalized coherent states. The method was originally introduced by L. Yaffe[1] in 1982 for tackling large-N quantum field theories, and has been recently used for studying open quantum systems whose environment, while becoming macroscopic, may or may not display a clas-
sical behaviour [2, 3, 4, 5] . Referring to these recent developments, in this paper we provide the essential elements of Yaffes's approach in the framework of standard quantum mechanics, so as to clarify how the approach can be used without referring to quantum field theory. Moreover, we address the role played by a possible global symmetry in making the large-N limit of the original quantum theory to flow into a formally well defined classical theory, and we specifically consider the quantum-to-classical crossover of angular momentum. We also give details of a paradigmatic example, namely that of N free one-dimensional spinless particles. Finally, we discuss upon the foundational requirement that any classical description should ultimately be derived from an underlying quantum theory, that however is not, and should never be confused with, the one obtained via some quantization procedure of the classical description itself.
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Introduction
Progresses in quantum technologies have recently made necessary to deeply understand the relation between macroscopic objects that behave according to a classical theory, and the quantum world of microscopic systems, in order to find the best strategies for using, interacting, and exerting control upon small and fragile quantum devices. Key to this understanding is a formal description of the so called quantum to classical crossover, implying the possibility of connecting the geometrical structure of classical physics with the algebraic one featured by quantum mechanics. Some powerful tools in this framework can be found in the literature relative to the so called large-N Quantum Field Theories: although they cannot be straightforwardly used in different settings, such as those typically arising in the analysis of open quantum systems, where the system undergoing the above crossover is just the big partner of a small quantum object, they are versatile enough to be adapted and turn very useful even in these frameworks. In particular, the way L. Yaffe [1] in 1982 tackled some large-N quantum field theories, has demonstrated very powerful and has been recently used for studying open quantum systems whose environment, while becoming macroscopic, may or may not display a classical behaviour [2, 3, 4, 5] . In this paper, after providing the essential elements of Yaffes's approach in the framework of standard quantum mechanics, we elaborate upon the role of the global symmetry, whose presence in the original quantum theory turns out to be a primary requirement to ensure that its large-N limit is a well defined classical theory. The practical implementation of the general abstract approach is described in detail for two specific examples: the quantum-to-classical crossover of angular momentum, and the deduction of the classical limit of a system made of N free one-dimensional spinless particles. The structure of the paper is as follows: In Sec.2 we introduce the Generalized Coherent States (GCS, which are essential in Yaffe's procedure) via the group-theoretical approach, independently developed by Gilmore [6] and Perelomov [7] in 1972. Following Ref. [8] we describe the algebraic procedure to construct GCS starting from the knowledge of the dynamical group of the system. In particular, we show how to construct GCS for systems associated to one of the two real forms of the Lie group SL(2, C), namely the non-compact one SU (1, 1), whose proper GCS are the so called Pseudo-spin Coherent States (PCS). In Sec.3 we identify the conditions ensuring that a quantum theory has a well defined classical limit, while in Sec.4 we consider a specific case to show that such limit can be obtained by increasing the number of degrees of freedom N of the original quantum theory, i.e. when the system it describes becomes macroscopic, as briefly discussed in the last concluding section.
Generalized Coherent States
Any quantum theory Q can be defined in terms of an algebra, possibly a Lie algebra g, and a Hilbert space H, which is the carrier space of an irreducible representation of g. All the physically relevant operators on H, except for the propagators, are elements of such representation. On the other hand, according to the evolutionpostulate of quantum mechanics, the propagators of Q are elements of a unitary irreducible representation of the Lie group G obtained from g via a Lie exponential map, for that G is called "dynamical group". In what follows, for the sake of a lighter presentation, we will most often identify algebras and groups with their respective representations.
Let us now consider a generic quantum system described by a theory Q such that its Hamil-tonianĤ belongs to g:
If we limit our analysis to semisimple Lie algebras (or any algebra admitting a Cartan decomposition), the Cartan basis
Once a normalized reference state |Φ 0 in H is chosen, usually so as to be both an eigenstate of diagonal operators and a maximal weight state, i.e.
one can identify the subgroup F ⊂ G that leaves |Φ 0 invariant up to a phase factor, i.e.F ∈ F → F |Φ 0 = |Φ 0 e iϕ(F ) ; this subgroup is called stabilizer of G with respect to |Φ 0 . Finally, referring to the coset G/F , the generalized coherent states |Ω are defined by:
We notice that GCS are in one-to-one correspondence with the elementsΩ of G/F .
Differential structure of G/F
According to the "quotient manifold theorem" [9] , the coset G/F can be associated to a complex manifold M whose points Ω are in one-toone correspondence with operatorsΩ in G/F , and hence with the states |Ω . Since the algebra g is semisimple, it satisfies the Cartan decomposition in the form g = f ⊕ p, where f is the algebra of F and p = ξ βÊ β − ξ β * Ê −β is its orthogonal complement; therefore we can use the coordinates ξ β , ξ β * to writê
One can use other coordinate-systems such as, dropping the β-index for the sake of a lighter notation,
or the one yielding a complex projective representation,
Metric and measure
It can be demonstrated [10] that M is endowed with a natural metric that can be expressed in the τ coordinates as
where |τ is a non-normalized GCS. This allows one to get information upon the manifold M. Through ds 2 one can define a canonical volume form on M, i.e. a measure
Overcompleteness of coherent states
Using dµ(Ω), GCS are demonstrated to form an overcomplete set of states on H, providing a continuous resolution of the identity, i.e.
The prefix "over" in the adjective 'overcomplete' indicates that coherent states are "a lot": in fact, despite being normalized,
∀Ĝ,Ĝ ′ ,Ĝ ′′ ∈ G, andΩ,Ω ′ ∈ G/F .
Symplectic structure
M is equipped with a symplectic structure that allows one to identify it as a phase space, possibly the one proper to the classical system into which the original quantum system flows when the classical limit is rigorously performed. The symplectic form on M has the coordinate representation
and it is used to define the Poisson brackets
Switching to the ζ coordinates, and defining w and v via
one obtains the Poisson brackets in the standard form,
Pseudo-spin coherent states
We end this section by giving an explicit example of GCS construction, namely those relative to the group SU (1, 1) 1 . Its generators are the set
where the indices α, β, γ ∈ {0, 1, 2} are raised and lowered with the 3-dimensional Minkowski metric η αβ = diag{−1, 1, 1}. The Hilbert space of the system is a unitary irreducible representation of su(1, 1), which is identified by the so called Bargmann index k:
where |k, m are the simultaneous eigenstates of K 0 and of the Casimir operatorK 2 = −K αK α such that
The unitary irreducible representations of SU (1, 1) (that are infinite-dimensional since the group is not compact) have been firstly discussed by Bargmann [11] as incidental to his discussion of the Lorentz group. One can find a consolidated review in Ref. [12] . In this paper we will only refer to the representations of the group 1 The Lie group SU (1, 1) is defined as the group of transformations in the two-dimensional complex plane C 2 that leave invariant the Hermitian form
and σ 3 is the third Pauli matrix. This group is isomorphic to SL(2, R) and Sp(2, R), and its substantial differences with SU (2) is that it is noncompact and it is not simply connected. We will study an explicit example of a system related to this group in Sec. 3. SO(1, 2) = SU (1, 1)/Z 2 , obtained by Barut and Fronsdal in Ref. [13] . To construct GCS we need a reference state. Given the index-k representation we choose the lowest-weight state i.e. |Φ 0 = |k, m = 0 and we identify the stabilizer subgroup F by
and hence F = U (1) . We can now consider the coset SU (1, 1)/U (1) to define the pseudo-spin coherent states (PCS)
whereΩ can be parameterized as:
Points Ω on the manifold associated to the coset SU (1, 1)/U (1) can be identified by the complex coordinates (ξ, ξ * ); this allows one to expressΩ, using the standard (2 × 2) matrix representation 2
by means of the matrix
Eqs. (6) and (7) define the ζ-and τ -coordinates as
2 This representation is finite dimensional and hence not Hermitian. 3 A factor i is needed to define ζ because the representation (22) is not Hermitian.
Eq. (21) can be written [14] in the τ -coordinateŝ
so that the natural metric defined in Eq. (8) emerges via
as
where |τ is a non-normalized PCS. Moreover, it is possible to show [14] that the completeness relation (10) is verified for any k > 1/2 in the form
The manifold associated to SU (1, 1)/U (1) is called "Bloch" pseudosphere P S 2 (see for instance Chap.1 of Ref. [5] for further details).
From a quantum theory to a classical one
In this section, following Ref. [1] , we show how a large-N limit of a quantum theory can formally define a classical dynamics. Let us first specify what makes a theory recognizable as a quantum or a classical one: as mentioned in Sec.2, a quantum theory Q is defined by:
a Lie Algebra g, -a Hilbert space H that carries an irreducible representation of g, -a Hamiltonian operatorĤ ∈ g.
A classical theory C is instead determined by 4 :
a manifold M, -a symplectic form on M, which defines Poisson brackets, -a Hamiltonian function h cl : M → R.
After the above definitions, one can describe a general procedure for realizing a so-called quantumto-classical crossover, which is a formal relation between quantum and classical theories, describing how the first can naturally flow into the latter, possibly when some "quanticity parameter" χ ∈ R + tends to zero. The limit χ → 0 is dubbed "classical limit" and, in order to exist, certain conditions must be fulfilled, that isolate the minimal structure that the starting quantum theory should possess. These conditions are satisfied by a large class of quantum theories, namely the Large-N quantum theories that feature a global symmetry. If this is the case, χ is a decreasing function of the number N of degrees of freedom, and χ → 0 when N → ∞. This reveals that many-variables, provided with a global symmetry, lie behind any quantum-toclassical crossover.
When does a quantum theory have a classical limit?
Consider a quantum theory Q χ defined by the Lie algebra g, the Hilbert space H χ and the HamiltonianĤ χ . Be such theory characterized by some parameter χ which is assumed to take positive real values, including the limiting χ = 0 one. Once identified the dynamical group G of the theory via a Lie exponential map on g, and its irreducible unitary representation 5 G χ 4 More accurately this is the definition of Hamiltonian classical theory, but not all classical theories are Hamiltonian. Anyway in this paper we only consider these ones. 5 Notice that the abstract group G and its algebra g do not depend on χ, which instead enters G χ and on H χ , we can construct the GCS |Ω χ . They will be in one-to-one correspondence with the points Ω χ of the manifold M χ associated to the coset G/F χ , where F χ is the stabilizer with respect to a reference state |0 χ ∈ H χ . For any op-eratorÂ acting on H χ one can define the symbol A(Ω χ ) by
As pointed out in Ref. [1] , in order to have some control over the limit χ → 0, suppose that it is possible to arrange the set of GCS in the equivalence classes
obtained from the equivalence relation
where, in order to ensure that the limit is well defined, K is a restricted set of operators satisfying
operators in K will be called classical operators.
Since the symbols of classical operators upon GCS that belong to a same class are equal, according to Eq. (32), we will use the notation:
It can be demonstrated [1] that, in order for the theory Q χ to have a χ → 0 limit that corresponds to a classical theory, the following conditions must hold:
its algebra g χ via the χ-dependence of the Hilbert space H χ .
1) Irreducibility of G χ As mentioned above, each representation G χ of the dynamical group acts irreducibly on the corresponding Hilbert space H χ . This requirement assures that for each χ the quantum theory is well defined. Using the Schur's lemma and the invariance of the measure on the coset G/F χ , this assumption implies eq. (10), i.e.
where c χ is a constant depending on the normalization of the group measure and must be computed explicitly. Notice that the measure dµ(Ω) does not depend on χ and hence remains the same as χ → 0.
2) Uniqueness of the "Zero" operator
The zero operatorẐ is the only one for which Z χ (Ω) = 0 ∀Ω ∈ M χ / ∼. As a consequence, two different operators cannot have the same symbol, implying that any operator can be uniquely recovered from its expectation value on GCS, i.e. from its symbols.
3) Exponential decrease of inequivalent coherent states overlap
The overlap between classically inequivalent GCS exponentially decreases as χ → 0, i.e.
The result is that, when χ → 0 inequivalent coherent states become orthogonal, i.e. distinguishable. As a consequence, the factorization
holds for any pairÂ andB of classical operators.
4) Classical limit of the Hamiltonian
The operator χĤ χ is a classical operator. This ensures that the coupling constants in the Hamiltonian are scaled in a manner that maintains sensible dynamics as χ → 0, so as to define a meaningful classical limit.
If the hypothesis 1-4 are satisfied there is a phase space on which a classical dynamics can be defined: it is the manifold M = (M χ /∼) χ→0 whose points Ω are in one-to-one correspondence with the GCS classes [|Ω χ→0 ] ∼ := |Ω , and which can be equipped with the natural metric and the symplectic structure defined by Eqs. (8)- (12) . Using the coordinates w β , v β as in Eq. (14) the classical Hamiltonian turns out to be [1] h
Large-N quantum theories: crucial role of global symmetries
All known types of quantum theory Q N described by N degrees of freedom (dof) and equipped with a global symmetry X(N ) are found to satisfy the conditions 1-4, where χ = χ(N ) is a decreasing function such that lim N →∞ χ(N ) = 0. The symmetry X(N ) is called global, for Q N , if the related transformations act on all its N dof. In fact, the existence of the symmetry X(N ) is crucial, as it is responsible for the possible reduction of dof defining Q N , once it has flowed, for N → ∞, in the corresponding classical theory. Let us hence show how the symmetry plays its role: * Saying that a theory Q N has a certain symmetry implies that all the relevant operatorŝ A of Q N satisfy the relation UÂU † =Â ∀U ∈ X(N ) .
* Considering the GCS of Q N and the symbols defined by Eq. (30), it is hence
* This suggests to define the equivalence relation:
for any relevant operatorÂ, in order to arrange the GCS in the classes [|Ω N ] ∼ := |Ω N . In this way all the states connected through a symmetry transformation are equivalent. * In the limit N → ∞ only the classical operators defined by Eq. (33) clearly remain relevant and, comparing Eq. (39) and (32), one obtains that the points on the classical phase M are identified by the classes |Ω := [|Ω N →∞ ] ∼ , rather than by the huge number of GCS |Ω N →∞ .
Finally we remark that not all of the Large-N quantum theories flow into classical theories: in order to realize the crossover a global symmetry is needed. In fact, if such a symmetry is not present the theory will remain quantum also for N → ∞. For instance consider a theory describing a Large -N set of indistinguishable particles: speaking about some global symmetry is clearly meaningless if one cannot distinguish between a variable and another one. Indeed it is well known that the quantum effects in a gas of indistinguishable particles are particularly relevant, especially when its density (for a fixed temperature) is high.
Large -N limit of O(N ) vector models
Consider a O(N ) global invariant quantum theory Q N describing a system of N one-dimensional distinguishable spinless particles: its Hamiltonian acts on the Hilbert space H N and can be taken as an arbitrary polynomial 6 of the form 6 If g is the Lie algebra defining the theory, we consider the Hamiltonian as an element of the universal enveloping algebra U (g) = T (g)/I, where T (g) = K ⊕ g ⊕ (g ⊗ g) ⊕ (g ⊗ g ⊗ g) ⊕ · · · is the tensor algebra of g (K is the field over which g is defined) and I is the two-sided ideal over T (g) generated by elements of the formÂ ⊗B −B ⊗Â − [Â,B] witĥ A,B ∈ g. Informally U (g) is the algebra of the poly-whereÂ,B,Ĉ are the basic O(N ) invariants:
with positionsq i and conjugated momentap i satisfying the canonical commutation relations:
with i, j = 1, ..., N particle index. Applying the formalism of section 3 with χ = 1/N , as suggested in Ref. [1] , one finds the classical limit of the Q N for N → ∞ as follows 7 .
Identification of the dynamical group and coherent states The dynamical group G N is defined as the group generated by the operatorsÂ,B andĈ. From (42) we obtain the commutation rules for its Lie algebra g N
that, via the linear transformationŝ
become Eqs. (16) , with the structure constants consistently rescaled by a factor 1/N (in fact the unscaled rules are realized with the elements NK α ). G N can then be regarded as a unitary representation on H N of the group G = SU (1, 1) nomials of g. It is possible to demonstrate [15] that the representations of g and U (g) are the same. 7 In order to avoid explicit rescalings of the coupling constants in the Hamiltonian as N → ∞, a factor 1/ √ N has been included in the definition of q i andp i , as seen from Eq. (42) and the GCS for Q N are the PCS introduced in Sec. 2.5: For convenience, the indices k (Bargmann index) and m, there defined will be rescaled by a factor N , i.e. k → N k, m → N m.
Classical operators and equivalent states Using the τ -coordinates introduced at the end of section 2.5, the PCS overlaps [16] 
and the matrix elements 
where Γ is the Euler's gamma function. If we now consider Eq. (46) for τ ′ = τ , i.e.
we correctly find that the symbols of classical operators are different only for states belonging to different equivalence classes. Proof of hypothesis 1) Irreducibility of G N : This hypothesis needs no proof, as we actually assume it in order to define a consistent quantum theory for any fixed N . Notice, in fact, that we have already enforced it when considering the PCS, as we have required the value of the Casimir operatorK 2 = −K αK α on H N to be fixed (Schur's lemma). 2) Uniqueness of the "Zero" operator: Suppose there exists some operatorẐ for which Z(Ω) = Ω|Ẑ |Ω = 0 for any PCS |Ω . Using the commutation relations [K − ,K + ] = (2/N )K 0 and K − |k, 0 = 0, whereK ± and |k, 0 are the shift operators and the reference state, respectively, introduced in Sec. 2.5, one can show by an induction argument 8 , that k, 0|K − ...K −ẐK+ ...K + |k, 0 = 0 for any number ofK − orK + . Polynomials inK + applied to |k, 0 clearly form a dense set of O(N )-invariant states, thenẐ must be the zero operator. 8 Since |k, 0 , as reference state (see Sec. 2.5), is a PCS, Z(Ω) = 0 implies k, 0|Ẑ |k, 0 = 0. Then, assuming that k, 0|K − ...K −ẐK+ ...K + |k, 0 = 0 (49)
is true when the total number ofK − plusK + is less that n, we must prove the same holds when such number becomes n. Firstly note that Z(Ω) = 0 implies k, 0| [[Ẑ,Λ 1 ],Λ 2 ], ...Λ n ] |k, 0 = 0Λ i ∈K − ,K + (choose |Ω =Ω |0 withΩ = e t 1Λ1 e t 2Λ2 ...e t nΛn and differentiate Z(Ω) with respect to each t i ). Expanding the multiple commutator, we find that only one term contains allK − operators to the left and allK + operators to the right ofẐ. Every other term contains at least onê K − operator which may be pushed right until it annihilates |k, 0 , or oneK + operator which may be pushed left. This process produces also commutator terms [K − ,K + ] which reduce n by two. In the end the vacuum expectation value of a multiple commutator contains a term of the form (49) with n operators plus lower-order terms which vanish for induction. Therefore Eq. (49) also holds for a number n of K − plusK + operators.
3) Exponential decrease of inequivalent coherent states overlap: This condition easily follows from Eq. (45), implying
where
4) Classical limit of Hamiltonian:
As any Nindependent polynomial inÂ,B andĈ is a classical operator, this holds true also for any Hamiltonian of the form (40). Classical theory We can define a classical dynamics on the coset SU (1, 1)/U (1), which is the manifold P S 2 described in Sec.2.5, that can be mapped to the so-called Poincaré half plane H by the conformal transformation
H is endowed with the natural metric
where R = k/2 , and with the standard Poisson brackets
once w = k/̺ has been defined. Considering the transformations (44) together with Eq. (48) in the coordinates (v, w), as defined above, we obtain
From Eqs. (38) and (40) we then get the classical Hamiltonian:
Finally we can define a classical action
from which the equations of motion of the classical theory, i.e the Hamilton's equations, can be derived
(58)
Role of the symmetry O(N )
We highlight that in the above construction the role of the global symmetry O(N ) is crucial. Indeed had it been absent, the GCS would not have been in one-to-one correspondence with the points of P S 2 , but with those of the much bigger N -dimensional complex plane C N . Denoting with H 4 the so called Heisenberg group, from which one obtains the standard "Harmonicoscillator" coherent states [8] , we can graphically summarize the job done by the symmetry as follows:
where the equivalence relation is constructed thanks to the symmetry transformations, as in Eq. (39).
Quantum-to-classical crossover of angular momentum
Thanks to Eqs. (37) and (48) we can calculate the expectation value on PCS of the Casimir operatorK 2 = −K αK α :
Notice that this is constant, i.e. it does not depend on the conjugated variables (v, w). This means that it has to flow to a conserved quantity in the classical motion. It is then a due question to ask: "which one?". It is suggestive to analyze the connection ofK 2 with the N degrees of freedom. After some calculations we obtain:
are the modulus and the components of the angular momentum, respectively, of the N degrees of freedom. Then the above mentioned conserved classical quantity might be an angular momentum. Such an identification is reinforced by the following argument:
i) If we express the positionsq i and the momentap i in terms of the ladder operators (â i ,â † i ):
the canonical commutation rules (42) become
and thanks to Eqs. (41) and (44) it is:
iâ i is the number operator.
ii) As it is well known, the relations (63) imply that the spectrum ofN is the set N of the natural numbers and then, according to Eq. (64), the spectrum ofK 0 is { 1 2 n + 1 2 , n ∈ N}. Defining n := l + 2m with l, m ∈ N, and considering Eqs. (18) , the possible values of k must be k =l 2 : 
where we have written the eigenstates |k, m as |l, m . Eq. (66) shows that, if the limit N → ∞ is performed, the operatorL 2 = 4K 2 − 1 4 has the same spectrum of the modulus of a 3-dimensional orbital angular momentum operator.
iv) Finally inserting Eq. (65) in Eq. (59) it is
it is hence appropriate to assume that the quantity 4k 2 flows to a classical 3d angular momentum, conserved in the motion. Moreover the dependence onl = l + 1 2 confirms that the limit N → ∞ is a classical one. In the end, a "bridge" from "quantum to classical" is built thanks to the three real parameters (v, w, k) that have a genuine quantum origin but, in the limit N → ∞, entering in the Hamiltonian (56), do acquire a proper classical nature. In particular, from the quantum viewpoint, the Bargmann index k identifies the theory's Hilbert space H N as an irreducible representation of SU (1, 1) and (v, w) the overcomplete set of PCS. As a result of the crossover to the classical theory, (v, w) become the conjugated variables defining the motion, and 4k 2 is a conserved angular momentum.
Despite the above, quite convincing, discussion, there is a caveat: the action (57) tells us that the classical motion is 1-dimensional, implying that no angular momentum can be defined. The only possibility is hence that such an angular momentum is external to the system. In fact, noticing that w has to be positive 11 , it can be mapped into a radius r; therefore, we suggest that the emerging classical theory describes the central motion of a 3-dimensional particle in the 1-dimensional effective-potential formalism, with respect to the radial coordinate r. In the next subsection we show how this statement is substantiated.
A paradigmatic example: the free particles
Let us use the above designed procedure to find the classical limit of a quantum theory that describes a number N → ∞ of one-dimensional distinguishable free particles. The quantum Hamiltonian is:
with classical vectors that freely move on a sphere of radius (j + 1/2) [18] . 11 This is easily proved by noticing from Eq. (25) that |τ | 2 < 1, and using the transformation Eq.(52) and the one after Eq. (54)
The classical phase space is H with the two coordinates (v, w); the classical Hamiltonian describing the limit N → ∞ is, according to Eq. (56), 
This is indeed the Hamiltonian of a classical 3-d free particle with angular momentum L 2 =l 2 in the effective potential formalism.
We have thus obtained that a large number N of quantum free particles corresponds to one single classical rotating particle. It is of great relevance and significance that one cannot recover the quantum Hamiltonian (68) from the classical one (70) simply substituting the dynamical variables p 2 and r 2 with the operatorŝ p 2 = ip i 2 andr 2 = iq i 2 , and imposing the rules i[p,r] =Î i.e. by a naive "quantization": indeed the classical limit of quantum theory is most often a completely different theory.
are of a profoundly different nature. The former occurs whenever the system that the theory describes is "big" (i.e. made of a very large number of components) and features some global symmetry, irrespective of the possible presence of other systems in the overall setting. It is a process that changes the theoretical framework into which the description of the system is set. The latter, instead, is observed in quantum systems WITH an environment, and the loss of quantum features is a direct consequence of such an environment being "big" in the above sense. In this case, the principal system stays "quantum" (i.e. described by the formal tools of quantum mechanics), and it can possibly recover its quantum features. In fact, it has been recently shown [19, 4] that the loss of quantum features in systems that interact with environments made by a very large number of components can be formally derived and related with the theory of quantum measurements, once the environment undergoes a quantum to classical crossover as described by the first process. In brief, one can say that the quantum to classical crossover is defined as a process "per sé", while the loss of quantum features in a system is a consequence of one such crossover occuring in the environment.
We finally get to our Conclusions, and start by interpreting the results of the previous section from a different viewpoint. Consider a quantum theory Q χ that describes a spinless particle in 1-dimension, and depends on some "quanticity" parameter χ, say a coupling constant. Its dynamical group is H 4 , that can be identified with G N =1 . 13 Noting that H 4 ≃ G N (they are both representations of G), we find that there exists a correspondence between the GCS |Ω χ of Q χ and the GCS |Ω N of Q N , i.e. one can write Ω = Ω(Ω N ). Then, given the quantum HamiltonianĤ χ of Q χ , we can find a Hamilto-
